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1. INTRODUCTION 
Let G be a finite group with H, K < G (< denotes “subgroup”) and 
H Q K. If hg E K, where h E H and g E G implies that h* E H, then H is said 
to be strongly closed in K with respect to G. In the special case when K is a 
Sylow p-subgroup of G (p a prime), we abbreviate this to H is a strongly 
closed p-subgroup of G. 
For non-soluble finite groups G, in view of the Feit, Thompson theorem 
[5], it is of interest to have available results which enable us to predict the 
structure of G from information about its strongly closed 2-subgroups. 
Indeed, a theorem of Goldschmidts [ 131, which deals with strongly closed 
abelian 2-subgroups, and which extends the fundamental Z*-theorem of 
Glauberman [8], has had a considerable impact upon recent research on 
non-abelian finite simple groups. 
Before stating the main result of this paper, we recall from [ 161 that a 
group G of even order is said to be of characteristic 2-type if for each 2-local 
subgroup H of G, C,(O,(H)) < O,(H). In fact, in our theorem we consider a 
weaker hypothesis than that of characteristic 2-type. 
THEOREM A. Suppose G is a non-abelian finite simple group which 
possesses a non-trivial strongly closed 2-subgroup S of nilpotence class at 
most two. If for each non-trivial subgroup S, of S (setting H = NG(SO)), 
C,(O,(H)) < O,(H), then G is isomorphic to one of the following groups: 
k(7), k(9), Wq), Sz(q), U,(q), Wq), Wdq), where q = 2” > 2. 
We note the following in relation to the above result. Suppose G is a 
characteristic 2-type group, and let H be a 24ocal subgroup of G. If X is a 
subgroup of H of odd order, then clearly X induces a faithful group of 
automorphisms upon O,(H). Hence, by a result of Thompson 
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[Theorem 5.3.11; 151, O,(H) contains a characteristic subgroup of 
nilpotence class at most two upon which X acts faithfully. In this way our 
attention is directed towards an interesting supply of 2-subgroups of G of 
class at most two, to which we may be able to apply Theorem A. 
This paper is organised as follows. Section 6 is devoted to the proof of 
Theorem 6.1, which asserts that a group G satisfying the hypotheses of 
Theorem A either possesses a non-trivial strongly closed abelian 2subgroup 
or contains an involution r such that T 4 Co(?) for some T E Syl, G. 
Results of Baumann [2] and Goldschmidt [ 131 then reveal the identity of G, 
so completing the proof of Theorem A. Much of the proof of Theorem 6.1 is 
closely modelled on part of the proof of Gilman and Gorenstein’s Theorem B 
in [7]. In order to adopt their approach, we must first generalise some results 
due to Goldschmidt, and this is done in Sections 3 and 4. We note that, at 
various points in our arguments, the elementary Lemma 2.3 proves most 
useful. In particular, it, together with [ 131, allows us to describe the structure 
of 2-local subgroups that we encounter in the proof of Theorem A. In 
Section 2 we review some of the results that we will use. 
2. PRELIMINARY RESULTS 
Let G be a finite group with H, K < G and H Q K. If Hg < K, where g E G 
always implies Hg = H, then we say H is weakly closed in K with respect to 
G. When there is little doubt as to the identity of G, we shall just say H is 
weakly closed in K. Observe that a strongly closed p-subgroup of G is 
weakly closed in some Sylow p-subgroup of G. 
All groups considered in this paper are assumed to be finite, and our 
notation agrees with that of Gorenstein [ 151. 
LEMMA 2.1. Suppose G is a group containing a strongly closed p- 
subgroup S. Then 
(i) If N II G, then SN/N is a strongly closed p-subgroup of G/N. 
(ii) If H < G and S* and S* * are maximal elements, under inclusion, 
of the set {R 1 R <Hand R is G-conjugate to a subgroup of S}, then S* and 
S*” are H-conjugate and S* is a strongly closed p-subgroup of H. 
(iii) S is strongly closed in P with respect to G for each p-subgroup P 
of G containing S. 
(iv) G = NG(S)(SG). 
Proof. For parts (i), (ii) and (iii) see, for example, (2.1) and (2.2) of 
[ 141. A Frattini argument yields (iv). 
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LEMMA 2.2. Suppose G is a group, P E Syl, G, W Q P and W is weakly 
closed in P. 
(i) If N a G, then WN/N is weakly closed in PN/N. 
(ii) NG( W) controls G-fusion in C,(W). 
Proof: Part (i) is straightforward, and part (ii) is given, as (2.3) in [ 141. 
LEMMA 2.3 [Lemma 2.10; 181. Suppose S is a strongly closed p- 
subgroup of the p-constrained group G, and set S* = S n O,(G). If 
O,(G) = 1, then C,(S*) < S*, and so, in particular, S # 1 implies S* # 1. 
A finite group G is called a quasisimple Goldschmidt group if G’ = G and 
G/Z(G) is isomorphic to one of the following groups: L,(q), Sz(q), U,(q) 
(q = 2” > 2); L,(q) (q > 3 and q z 3, 5(8)); J, ; a group of Ree type. 
From now until the end of Theorem 2.7, G is a group which possesses a 
strongly closed p-subgroup S. Let P E Syl, G be such that S <P. 
THEOREM 2.4 (Goldschmidt [ 131). Zf S is abelian and p = 2, then 
(SG)/O,((SG)) is isomorphic to a central product of quasisimple 
Goldschmidt groups and an abelian 2-group. 
THEOREM 2.5 (Goldschmidt [Theorem B(c); 141). C,(S)’ fTP is a 
strongly closed p-subgroup of G. 
From [ 141 we have the following definitions. For R <S, set S,(R) = R 
and, for i > 1, S,(R) = N,(S,-,(R)). If N,(S,(R)) E Syl, N,(S,(R)) for all 
i > 1, then R is said to be well-placed in P (with respect to S). Let 9s(P) = 
{S, ] 1 # S, Q S and S, is well-placed in P (with respect to S)}. For subsets 
u, v of P, u-s V means either U = V or there exists L E Ys(P) such that 
U, V E L and U are V are L-conjugate. The equivalence relation on the 
subsets of P generated by -S is denoted by Ed. 
THEOREM 2.6 (Goldschmidt [(5.2); 141). If U and V are G-conjugate 
subsets of P, then U =s V. 
THEOREM 2.7 (Goldschmidt [Corollary B3; 141). Zf p = 2 and 
NG(S)/CG(S) is a 2-group, then S E Syl,(SG). 
THEOREM 2.8 (Bender [3]). If a group G contains a strongly embedded 
subgroup, then either 
(a) G has cyclic or quaternion Sylow 2-subgroups; or 
(b) O”W%W) is isomorphic to one of L,(q), Sz(q) or U,(q) (q = 
2a > 2). 
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THEOREM 2.9 (Baumann). Let G be a non-abelian simple group. If G 
contains an involution x such that a Sylow 2-subgroup of G is normal in 
C,(x), then G is isomorphic to one of L,(q), B(q), U,(q), L,(q), PSp,(q) 
(q = 2” > 2) or L,(q) (q = 2” f 1 > 3). 
Proof: This follows from [2]. 
LEMMA 2.10. Let G be isomorphic to one of Sz(q), U,(q), SU,(q) (q = 
2” > 2) and J, . If V is a non-trivial irreducible F, G-module and A is a non- 
trivial elementary abelian 2-subgroup of G, then [V : C,(A)] > ]A 1. 
Proof For G z Sz(q), the lemma follows from [Theorem A, p. 28; 91, 
and for G z J, see [Lemma 2.5, p. 109; 71. The situation G z U,(q) is 
covered in [Lemma 2.3; 41, and the same argument will also deal with the 
case G z W,(q). 
LEMMA 2.11 (Thompson transfer lemma). Suppose G is a finite group, 
T E Syl, G and T,, is a subgroup of T with [T : To] = 2. Let x E T be such 
that, subject to x & T,, I(x)] is minimal. Then either O*(G) # G or x is 
conjugate to some element of T,. 
Proof By using a transfer argument. 
Let V be an F,-module for L,(2”) (n > 1). We say V is a standard module 
for L2(2”) if V has rank 2n and can be identified with the additive group of a 
vector space of dimension 2 over GF(2”) in such a way that the given action 
of L,(2”) becomes its usual 2-dimensional one over GF(2”). 
For the last two results of this section we assume the following situation: 
G is a group and S E Syl, G is such that 
(1) C,(O,(G)) G O,(G); 
(2) S has nilpotence class at most two; and 
(3) Z = Q,(Z(O,(G)) > Z(S). 
LEMMA 2.12 (Gilman and Gorenstein [(2.66); 61). Assume that G = 
G/O,(G) z L,(2”) (n > 1) and let V be a non-trivial G-composition factor of 
Z. Then 
(i) m(V) = 2n and V is a standard module for c; 
(ii) for X E S, C,(Z) = C,(S) = [S, V] = [5 V] is of order 2”; and 
(iii) every element of No(S) of odd order acts regularly upon V. 
LEMMA 2.13 (Gilman and Gorenstein [Lemma 2.4(iii); 71). Suppose G = 
G/O,(G) is a direct product of subgroups 6, z L,(2”9, ni > 1, i = l,..., m. If 
m(Z/C,($)) Q m(c), then Z = Z,Z, ... Z,, where Z, = C,(e), Zi = 
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[Z, @], i= 1 ,..., m. Also [Zi, ~j] = I if i #j, Zd(Zi fT Z,,) is a standard pi- 
module, ZinZ,( [Zi,SnGi] and Z,,nZi=L ifni= 1. 
We shall use H * K to denote the central product of groups H and K. For 
a group G, Z(G) denotes the set of involution of G and the definition of 
E(G) may be found in [Sect. 2; 131. If P is a p-group, p a prime number, 
then cl P is the nilpotence class of P, 67,(P) denotes the set of elementary 
abelian subgroups of maximal possible rank, and we set I,(P) = (apI,(P 
3. FUSION IN STRONGLY CLOSEDP-SUBGROUPS 
In this section we concern ourselves with two fusion results (Theorems 3.2 
and 3.7), both of which extend work of Goldschmidt. 
LEMMA 3.1 (Goldschmidt [Lemma 2.2; lo]). Let q be a prime number. 
Suppose K is a group of order q acting on an abelian q-group A and that 
[K, [K ,..., [K, A] .a.]] = 1. 
n times 
If m is the smallest positive integer such that m(p - 1) > n - 1, then 
urn(A) < C,(K). 
For the remainder of this section G is a group, p is a prime and S is a 
strongly closed p-subgroup of G. We set 9 = SC. 
Though the proof of Theorem 3.2 is very similar to that of [Theorem 2.3; 
lo], we shall sketch most of the details. 
THEOREM 3.2. Suppose cl S = n and m is the smallest positive integer 
such that m(p - 1) > n - 1, then W(Z(S)) is weakly closed in S with 
respect to G. 
Proof. Set R = Um(Z(S)). Since R ch S, the theorem will follow one we 
have established. 
If R < S, , where S, E Y, then S = St for some x E C,(R). 0-1 
We now assume (t) is false, and argue for a contradiction. Choose 
S, E 9 for which (t) is false and, subject to this, with (S n S, ] maximal. 
Set Z-Z = S n S, and N = N,(H). Clearly S # S, and so H < N,(H) and H < 
Ns,W)* 
Case 1: N,(H) and H,,(H) are both strongly closed p-subgroups of 
N. Note that R <Z(H). It is asserted that if U is a characteristic subgroup 
of Z(H) containing R, then H = CNso,#). Suppose H < CN&U). Since 
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U 9 N, C,(v) 5I N and hence, by Lemma 2.l(ii), CNS&U) and C,,,+,)(U) 
are conjugate in C,(U). So CN,,(H) (U,Y = CNscH,( U) for some x E C,(U) < 
C,(R). Thus Sf n S ) CNSo,) (U) > H and hence, by the maximality of 1 HI, 
STY = S for some y E C,(R), a contradiction. Therefore H = CNStH)(U). 
Taking U = Z(H) gives Z(S) < CNSc,,,(Z(H)) = H whence Z(S) Q Z(H). 
So R = U”‘(Z(S)) < Um(Z(H)) and therefore, with U = tY(Z(H)), we obtain 
H=C .&Um(Z(H))). Let o E N,(H)\H with d E H. Clearly o induces an 
action of a group of order p upon Z(H). Since cl S = n, [c, Um(Z(H))] = 1 
by Lemma 3.1 which is at variance with H = CNs(H,(Um(Z(H))). 
Case 2: general case. Let S*, ST E 9 be such that N,(H) < S*, 
N,,(H) Q ST and Nn S* and Nn ST are strongly closed p-subgroups of N 
(this is possible by Lemma 2.l(ii)). Since S* n S > N,(H) > H, S*” = S for 
some a E C,(R). Now S* nST > H and thus SnSf”= S*“nSTa = 
(S n ST)” > Ha. So ISnST”I>[Hl. Suppose ISnSf”I=IHj. Then 
S n ST” = H”. Since S n N” = (S* n N)” and SF” n Na = (ST n N)“, we 
see that N,(H”) and N&H’) are strongly closed p-subgroups of N”. 
Applying case 1 to S and ST” gives a contradiction. So IS n ST”1 > ) HI. 
Thus STab = S for some b E C,(R). 
Therefore S n Sy” = ST”” n Sy” = (ST n S,rb > (Ns,(H)yb > Hab, and 
hence S = Sybc for some c E C,(R), which is the required contradiction. 
Before considering Theorem 3.7 we first refashion a result due to Alperin, 
[main theorem, Sect. 11, and begin by giving some definitions. 
DEFINITION 3.3. An S-family is a collection of pairs (S,, H), where S, 
is a subgroup of S and H is a subset of N&S,). 
DEFINITION 3.4. Let .F be an S-family and let U, VE Csp. Then we 
write U, V (with respect to F) if U= V or if there exists (S,, HJ,..., 
(S,, H,) E F and elements x, ,..., x, of G with xi E Hi (i = l,..., n) such that 
(i) uxl ’ ’ ‘xn = V; and 
(ii) snU<S,, (Snup”+<Sitl,i= l,..., n- 1. 
LEMMA 3.5. Let U, V, WE 9. If Us V and Vs W, then Us W. 
Proof: Straightforward. 
DEFINITION 3.6. An S-family .F is called a conjugation family (for S) 
provided whenever A and B are subsets of S with Ag = B for some g E G 
there exists (S,, H,) ,..., (S,, H,) EF and elements x, ,..., x,, y E G such 
that 
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(i) g=x, . ..x.y; 
(ii) x, E Hi i = l,..., n and y E N,(S); and 
(iii) A<.!?, andA”~“‘“‘<Si+I,i=l ,..., n- 1. 
For an S-family we define the concept of a weak conjugation family in a 
manner analogous to [Definition 5.4; 11. 
DEFINITION 3.5. Let Sr be an S-family. We say 9- is inductive if the 
following holds: whenever UE 9 is such that 
(a) N,(S n u) and N,(S n U) are strongly closed p-subgroups of 
NG(S n U); and 
(b) V,S (with respect to Y) for all VE 9 for which IS n VI > 
] S n U], then UzS (with respect to Sr). 
THEOREM 3.6. Every inductive S-family is a conjugation family (for S). 
ProoJ With the exception of using Lemma 2.l(ii) as a substitute for one 
of Sylow’s theorems, the proof is exactly the same as that of [main theorem, 
Sect. 5; 11. 
For a group X and X a collection of subgroups of X, let =: denote the 
equivalence relation on A?’ generated by non-trivial intersections. 
Let Z consist of those subgroups S, of S for which 
(i) S, = Sn R for some R E Y with iV,(S,) and NR(SO) both 
strongly closed p-subgroups of NJSJ; 
(ii) C,(&) < S, ; 
(iii) S,n O,,,,(N,(S,)) is strongly closed in O,,,,(N,(S,)); and 
-- 
(iv) S, = S or (setting fl= N&J/&), N,(S,)N has more than one z 
equivalence class. 
Set Sg = 1 (So, ~&&J) I S, E 4. 
THEOREM 3.7. ST0 is a weak conjugation family (for S). 
Proof: Using Theorem 3.6, Lemmas 2.l(ii) and 3.5 and arguing as in the 
proof of [Theorem 3.3: 1 l] we obtain the theorem. 
Remark. This result should be compared with Theorem 2.6. 
LEMMA 3.8. Suppose S, E Z with S, # S and p = 2. Then (setting 15 = 
~G(so)/so>(~stso)lg) contains a strongly embedded subgroup. 
ProoJ This follows from [Lemma 2.8; 171. 
CHARACTERISTIC 2-TYPE GROUPS 557 
4. THE EXPONENT OF A STRONGLY CLOSED ~-SUBGROUP 
This section is devoted to obtaining the following generalization of a result 
of Goldschmidt ([Theorem A; lo]). 
THEOREM 4.1. Suppose G is a group which possesses a strongly closed 
2-subgroup S with cl S = n. If O,,,,(G) = 1, then the exponent of Z(S) is at 
most max{2,2+l}. 
Since the exponent of Z(S) bounds the exponent of each of the upper 
central factors of S, we clearly have 
COROLLARY 4.2. Assume the situation and notation of Theorem 4.1. 
Then S has exponent at most max{2,2”(“-I)}. 
Combining our next theorem with Theorem 3.2 will yield Theorem 4.1. 
THEOREM 4.3. Let S be a strongly closed 2-subgroup of a finite group G. 
If R Q U’(Z(S)) and R is weakly closed in S with respect to G, then R < 
O,,,,(G). 
Proof Let G denote a counterexample of minimal order to the theorem. 
We note, by Lemmas 2.1(i) and 2.2(i), that the theorem’s hypotheses hold 
for all quotients of G. 
G has no non-trivial 2-soluble normal subgroups. (4.1) 
Let N denote the largest 2-soluble normal subgroup of G. Suppose N # 1. 
Since 0 ,,,,(G/N) = 1, the minimality of G forces R <N. By Lemmas 2.l(ii) 
and 2.3, since N is 2-constrained, R <Z(SnN) < O,,,,(N) < O,,,,(G), a 
contradiction. Thus N = 1. 
G = O*(G). (4*2) 
Suppose G # O*(G), and let N be a subgroup of G of index 2. Set S, = 
S n N. If Z(S) < S,, then R < U’(Z(S,)) and so by the minimality of G, 
R < O,,,,(N) < O,,,,(G), a contradiction. Therefore Z(S) 4 S, and so S = 
Z(S) so * Thus Z(S,) = Z(S) n S,, and hence, since R < U’(Z(S)) < 
U’(S) < S,, R < Z(S,). We now show that R, = R f7 U’(Z(S,)) is weakly 
closed in S, with respect to N. Let Rlf < S, for ,some n E N. Because R is 
weakly closed in S, with respect to N, Rz = Rfj for some g E N,(R) by 
Lemma 2.2(ii), and consequently Ri <R < Z(S,). Again by Lemma 2.2(ii), 
since S, is a strongly closed 2-subgroup of N, R;f = R,h for some h E NN(SO). 
From U’(Z(S,)) ch S, and the fact that R is weakly closed in S, with 
respect to N we have R, g N,,,(S,), whence R;f = R,. 
481/71/2-I8 
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Since N # G we have, by Eq. (4.1), R, = 1. Because [U’(Z(S)) : 
U’(Z(S,))] < 2 and R < U’(Z(S)) we have ]R 1 = 2. Since S is a strongly 
closed 2-subgroup of G, R is weakly closed in some Sylow 2-subgroup of G 
and hence R < O,,,,(G) by Glaubeman’s Z*-theorem [8]. 
This completes the proof of Eq. (4.2). 
G is a non-abelian simple group. (4.3) 
Suppose false and let N be a maximal proper non-trivial normal subgroup 
of G. Then ]G/NI < IGI and (4.2) force R <N and, so R < O,,,,(N) < 
O,,,,(G), a contradiction. 
R is a strongly closed 2-subgroup of G. (4.4) 
Applying Lemma 2.2(ii) to R gives that R is strongly closed in S (with 
respect to G). Hence R is a strongly closed 2-subgroup of G. 
Combining Theorem 2.4 with (4.3) and (4.4) we deduce that Z(S) is an 
elementary abelian 2-group, and so G cannot be a counterexample to the 
theorem. 
Remark. It is possible to complete the proof of Theorem 4.3 without 
using the deep result Theorem 2.4 by, for example, modifying the arguments 
in [Sect. 4; 121 and using [(2.7); 141. 
5. Z-CONSTRAINED GROUPS 
In this section we shall be examining the following situation: H is a 2- 
constrained group, O,,(H) = 1, and H contains a strongly closed 2-subgroup 
S with cl S = 2. We further suppose that Z(S) is an elementary abelian 2- 
group. Let T E Syl, H be such that S < T. The following notation will be 
used: S* = S n O,(H), 2 = Q,(Z(S*)), K = (SH) and fl= H/S*, with the 
usual bar notation. 
Our first result gives certain general properties of H. 
LEMMA 5.1. (i) s is elementary abelian. 
(ii) Z > Z(S). 
(iii) E/O,,(K) is isomorphic to a central product of quasisimple 
Goldschmidt groups and an elementary abelian 2-group. 
(iv) O,(K) = S*. 
(v) K = (SK). 
(vi) [K, S*‘] = [K, U’(S*)] = 1 and [K, S*] <Z. 
(vii) C,(Z) = S*. 
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Proof: From Lemma 2.3, Z(S) < C,(S*) < S* and so, since Z(S) is an 
elementary abelian group by hypothesis, we have (i) and (ii). Since d = (p), 
we obtain (iii) from Lemma 2.1(i) and Theorem 2.4. 
From (iii) we see that O,(K) = O,(K) < S and so O,(K) 6 O,(H) n S = 
S*, which yields that O,(K) = S*. Part (v) follows from Lemma 2.l(iv). 
Since S centralizes both S*’ and U’(S*), S*’ and U’(S*) are both normal 
in H and K = (SH), we have [K, S*‘] = [K, U’(S*)] = 1. Similarly, as 
[S, S*] <Z(S) < Z, we obtain [K, S*] < Z. 
We now prove (vii). By (iv) we have 
[K, O,(H)] < K n O,(H) = O*(K) = s*. 
Hence [K, [K, O,(H)]] < Z by (vi). Let Q E Syl, C,(Z) with q # 2. Then, by 
[Theorem 5.36; 151, [Q, O,(H)] = [Q, Q, Q, O,(H)] = 1 and so Q = 1. 
Therefore S* < C,(Z) < O,(K) = S*, as required. 
LEMMA 5.2. Suppose i? is the central product of subgroups Ki, i = l,..., t. 
If I? acts faithfully and irreducibly on a K-composition factor of Z, then 
t= 1. 
Proof: Suppose t > 1, and argue for a contradiction. Without loss of 
generality we may suppose t = 2, and so E = E, RZ with [E, , R,] = 1. Note 
that, by Lemma S.l(iii) and (v), ((Ei n S)Kl) = Ki for i = 1,2. The proof 
may now be completed in the same way as the proof of [Lemma 2.3; 71. 
LEMMA 5.3. Let R be a non-trivial subgroup of S. Assume that the 
following hold: 
(a) IZ : C,(K)] < ]I]; and 
(b) if R is non-cyclic, then C,(o) = C,(R) for all subgroups u of 
index 2 in R, 
Set I= (R-). Then we have 
(i) ifR is cyclic then L E L,(2), Z = [Z, E] X C,(t) and [Z, L] is 
a standard t-module. 
,‘“‘1 0 is non-cyclic, then L = L, x me* x I,,,, where E, z L,(2”‘), n,>2 
I/ 7 ,..., m, and Z = Z,Z, . - * Z, , where Z, = C,(Z), Zi/(Zi n Z,,) is 
a standard z,-module, Zi n Z, Q [Zi, Snz,] and [Zi, Lj] = 1 whenever 
i#j. 
(iii) RE Syl, z and [Z : C,(R)] = ]I?]. 
Proof (i) By Lemma 5.1(i), IEI = 2. Set z= (p). First we show 
if ,E E p* is such that O,((P;p)) # 1, 
then I O,,((fi P))l = 3 and O,,((P; $1 < O,(z). (5.1) 
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Let ,LIE/~~ be such that O,,((p;$)# 1, and set x=(P;p), y=o_2,(x) 
and E = C,( 0. Since [Z : C,(p)] = 2, ] Z/E I< 4 and hence, because K acts 
faithfully upon Z by Lemma S.l(vii), 12/E ] = 4. Thus 181 = 3. We now show 
that r< O,(E). This will follow if we show that y is normalized by each 
q E p”. Let rf E p*, and set w  = (2, $!)+ Set EL= C,(S) and 0 = C,(Z/E,). 
Then s < O,( m and, since we may suppose W > X, 1 Z/E, I = 8. Thus p/Q 
is isomorphic to a subgroup of L,(2). Now p& e since p inverts F. Since 
r/Q must, by Lemma 5.1(i), possess a strongly closed abelian 2-group -- -- 
W/Q &L,(2), and so W/Q gL,(2). By Lemma 1.2(i) and (ii), DE s,, where 
,!?i is a strongly closed (abelian) 2-subgroup of I? If O,( I?‘) = 1, then by 
Lemma 2.3, $i g P, contrary to p& 8. Hence O,,( m # 1 and so y = 
O,,( @ g p, as required. 
From (5.1) we have that ((P;,iQ O,(z))/O,(z) is a 2-group for eacJ 
pep”, and thus, by [Theorem 3.8.2; 151, DE O3 ,(I). Since O,,&) g K, 
(O,*,(E) n $) O,(E) 9 K and so PE O,(Z) kr for all k E B by 
Lemma 2.1(i) and (ii). This gives, b_y Lemma 5.1(v), that (p) O,(z) g E. 
Therefore [z : O,(1)] = 2. Let ,LI E p*\(J). Then (P; $ % L,(2) by (5.1). If 
(P; ji) ( z, then th ere would exist rf E p” such that 32 1 I@, ,D, q)], contrary to 
the fact that, as in Eq. (5-l), (P;,D, ij)/O,((P; iu; rf)) is isomorphic to a 
subgroup of L,(2). Thus L ?Z L,(2). 
Using [Theorem 5.2.3; 151 we also obtain Z = E X [E, Z] = C,(z) x 
[L, Z], and this establishes (i). 
(ii) We begin with 
if 8 is an ~-invariant subgroup of E of odd order, 
then [I, Q] = 1. (5.2) 
For each subgroup 0 of E with [E : 0]= 2 C,(i7) normalizes-C,(o) = 
C#). Hence o= <_ca<q I 8< R, [R: 81 = 2) normalizes C=(R), Since 
[R, ZIG Z(S) < C,(R), we have @, E] centralizing both Z/C,(R) and 
C,(j?), and hence [ @, E], Z] = 1. Therefore by Lemma 5.1 (vii), [o, R] = 1. 
So, by Eq. (5.2), [z, O,,(E)] = 1. Since O,(Z) = 1, Lemma S.l(iii) implies 
that Crr(O,@)) = E(E) Z(O,,@)), w  h ence z <E(F). Therefore z = zJ * 
E2 a** *Em, where each t, is a quasisimple Goldschmidt group. If V< 
S nz, then, as SnL is abelian, [E, O,$V#))] = 1 by (5.2). Appealing to 
[(2.35); 61 gives that d centralizes all Li isomorphic to L,(q), q odd, 2# 5 
or to a group of Ree type. Since E is generated by Z%conjugates of R, we 
conclude that each zi is isomorphic to one of L2(2”‘), Sz(2’9 Uj(2”‘), 
SU,(2”9 (ni > 2) and JL. 
Let Z, be an L-composition factor of Z upon which E, acts non-trivially. 
From Lemma 5.2 Zj acts trivially on Z, for all j # i and hence 1, acts 
faithfully and irreducibly on Z,. By Lemmas 2.10 and 2.12, [Zi : Cz,(I’i)] < 
] vi] for any non-trivial subgroup vi of Sn Li. 
CHARACTERISTIC Z-TYPE GROUPS 561 
Let 5 be the projection of 1 onto L i (note that Tn z is a direct product 
of the Tn Et’s), i = l,..., m. Since [E, Zi] # 1 for all i, pi # 1 for all i. By 
hypothesis (a) and [Lemma 2.5, Chap. 2; 91 
IFI > [Z : C,(E)] > fi [Zi : C,,(Vi)] > fi 1 vil > IBI 
i=l i=l 
and hence 1 R] = ] Z : C,(E)] = ny!, ] pi ] and, for each i, [Z, : C,;( pi)] = ] i;;i I. 
In view of Lemma 2.10, the latter deduction forces Ei E L,(2”‘) (ni > 1) for 
i = I,..., m. Thus E=L, *& -~~*~,,,=~,x~~x~~-x&,,. Also we 
have, from Lemma 2.12(ii), that E= I’, x . - - x r, E Syl,E. We note that 
we have established (iii). 
The remaining conclusions of (ii) follow from Lemma 2.13. 
LEMMA 5.4. Suppose R is a non-trivial subgroup of s such that 
IZ : G(QI < Ia and set z = (F). Then 
(i) Z=L,x .a+ x z,,,, where Ei z L,(2”9 (ni > l), i = l,..., m; 
(ii) Z = Z,Z, +.a Z,, where Z, = C,(E), ZJ(Z n Z,) is a standard 
Li-module and [Zi, Lj] = 1 for i # j; and 
(iii) RE Syl, 1 and [Z : C,(R)] = ]I]. 
Proof Using Lemmas 5.2 and 5.3 in the proof of [Lemma 2.7; 71 in 
place of [Lemmas 2.3 and 2.5; 71 yields a proof for Lemma 5.4. 
6. PROOF OF THEOREM A 
In this section we establish the following result. 
THEOREM 6.1. Let G be a non-abelian simple group which contains a 
non-trivial strongly closed 2-subgroup S with cl S ( 2. Iffor each 1 # S, ( S 
(setting H = No(&)), C,(O,(H)) < O,(H), then either 
(1) G possesses a non-trivial strongly closed abelian 2-subgroup; or 
(2) there exists CJ E 3(S) for which a Sylow 2-subgroup of G is 
normal in C,(u). 
Combining Theorem 6.1 with Theorems 2.4 and 2.9 then yields 
Theorem A. 
Proof of Theorem 6.1 
We shall suppose that (1) does not hold and show that (2) holds. 
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Therefore cl S = 2. By [5] and Theorem 4.1, Z(S) is an elementary abelian 
group. Let T E Syl, G be such that S < T. From Lemma 2.l(iii), N,(T) < 
NGW 
We set Sg = {(S,,, N&Y,,)) I S, E Z}, w  h ere z is the set of subgroups of S 
as defined in Section 3. Note that for S, E C, S’ <Z(S) < S, and so S < 
N&l) 
If J,(S) < S, for all S, E E, then J,(S) = J,(S,) for all S, E 2 and hence 
Z(J,(S)) is strongly closed in S with respect to G by Theorem 3.7. But then 
Z(J,(S)) is a strongly closed 2-subgroup of G, and so (1) holds. Therefore 
there exists some S, E z for which J,(S) 4 S,. So A 4 S, for some 
A E Q,(S). We set N1 = NG(S,), K, = (S”l), Z, = fi,(Z(S,)) and B, = 
[Z,, K,]. Also, let N, = N,/S, and use the usual bar convention for 
subgroups of N,. Observe that, by (iv) in the definition of E;, S, = S n 
OdN, >a 
(i) K, z&(2”) for some n > 1. 
(ii) Let W be a complement to A n S, in A. Then W 
is a complement to S, in S and ] WI = 2”. 
(iii) [Z, : C,,(w)] = 2”. 
(6.1) 
(iv) Z, = C,,(R,) B, and B,/C,,(K,) is a standard K,-module. 
(v) If n = 1, then C,,(E,) = 1 and B, = [Z,, 02(R,)]. 
Let W be as defined in (ii). Then m(w) = k > 1. Clearly m(A) = k + 
m(A TI S,). Also, since A E @,(S,), A nZ, = C,,(A). Let Y be a 
complement to A n Z, in Z, . Because (A n S,) Y is an elementary abelian 2- 
subgroup of S, and A n S, n Y= 1 
m(s,) = m(A) > m((A n s,) Y) = m(.4 n s,) + m(Y) 
= m(A) -k + m(Y). 
Consequently m(Y) Q k, and so [Z, : C,,(A)] Q 2k = ] m]. Thus z = (fll) 
has the properties given in Lemma 5.4. From Theorem 2.8, [8], Lemmas 3.8, 
5.1(i) and (v) we have either ~,/O,@,) is isomorphic to L_,(q), Sz(q), U,(q) 
(q = 2” > 2) or ]a,/O,,(~,)] = 2 = IS]. Hence E, = zO,,(K,) and so E, = t. 
Therefore z, z L,(2”) for some n > 1 by Lemma 5.4. Parts (ii), (iii) and (iv) 
also follow from Lemma 5.4, whilst Lemma 2.13 gives (v). 
If n > 2, then K, is simple, and we define J to be the unique minimal 
normal subgroup of K, covering a,. For the case n = 1, we define J= 
O*(K,) (so J is the unique minimal subgroup of K, covering O,,(E,)). 
B, is a characteristic subgroup of J. (6.2) 
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From [Lemma 4.3; 71 we may extract a proof that B, = [O,(J),J], 
whence B, is a characteristic subgroup of J. 
Suppose I# S, < S and that H = NG(SO) contains K, . 
Then (SH) < N,(B r ). (6.3) 
Observe that S <K, < H. Set K = (S“). So K, = (S”l) <K. In view of 
(6.2) it will be sufficient to show that J a K. Let S* = S n O,(H), Y = 
O,(Z(S*)) and I? = H/S*. Note that S* < O,(K,) = S n O&V,) = S, by 
Lemma 5.l(iv). Since Y(A n S*) is an elementary abelian 2-subgroup of S, 
m(A) 2 m(Y(A n s*)). SO 
[Y: c,(2)] < [Y: YnA] Q [A :A ns*] = 121. 
Now A ,$ S* else by (6.l)(ii) S = AS, < S*S, = S,, and so 2 # 1. Therefore 
L=(P)=E, x *** XL,, where zi z&(2”‘) by Lemma 5.4. Since 
(F’) = K, by (6.l)(ii) and K, is a subquotient of $ we have that z covers 
Z?, . Hence J”< 1. Clearly A” normalizes J’ and by Lemma 5.4 2 < z. As in 
the proof of [Lemma 4.4; 71 it now follows that, if n > 2, then .?‘is a direct 
summand of z and, if n = 1: J= O,@,) for some i = l,..., m. By Lemmas 
5.1(v) and 5.4(iii) R = (3”) = (KK) = z and so Jg R. Consequently 
JS* 4 K. Since J ch JS* by definition of J, J 4 K, as required. 
There exists S, E z such that 
(9 44S2; 
(ii) J&!(S) 4 s2 * 
(6.4) 
Using Eq. (6.1) we observe, as in [Lemma 4.5; 71, that (A nS,)Z, E 
de(S). Since B, < Z, < (A n S,) Z,, we see that it suffices to prove that (i) 
holds. Suppose B, < S, for all S, E EC. Proceeding now as in 
[Lemma 4.5; 71, using Theorem 3.7, Eq. (6.3), Lemmas 5.l(vi) and 2.l(iv), 
yields that G contains a non-trivial strongly closed abelian 2-subgroup. Since 
this is not the case, we conclude that (i) holds, and hence (6.4) is proven. 
Let S, E z be such that the conclusions of (6.4) hold, and let Z,, B,, K, 
be the subgroups of NG(Sz) corresponding to Z,, B,, K,. 
Noting that (6.1)-(6.4) also apply to S, we obtain, by using the same 
arguments as in the proof of [Lemma 4.6; 71, 
(i) S=B,S2=B2S1. 
(ii) K,/S, s K,/S, z L,(2”). 
(iii) B, n S, = B, n Z(S) and B, n S, = B, n Z(S). 
(6.5) 
(iv) S, = (S, n S,) B, and S, = (S, n S,) B,. 
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0) S, , S, E @,P). 
(ii) S, n S, = Z(S). 
(iii) [ci, a,] # 1 whenever ui E S,\.Z(S), uz E S,\Z(S). 
(iv) J(S) = Sy U ST and {S,, S,} = Q,(S). (6.6) 
(v) If R < S is such that C,(R) (R, then either R = S,, 
R = S, or L?,(Z(R)) = Z(S). 
(i) Suppose S, is not elementary abelian. From (6.5)(iv), S, = 
(S, nS&B, and B, <Z, =fi,(Z(S,)) and so U’(S, nS,)# 1. Thus 
U’(S,) n zT’(S,) # 1. By Lemma 5.1 (vi), K, , K, < NG(U’(SI) n fY’(S,)) = N 
whence K, < (SN) < N,JBJ by Lemma 5.1(v) and (6.3). But then, by 
(6.5)(i), K, normalizes S, contrary to K,/S, 2 L,(2”). Therefore S, is 
elementary abelian, and, similarly, so is S,. Since (A n S,) Z,, 
(A n S,) Z, E R,(S) (see the beginning of (6.4)), we see that S,, S, E a,(S). 
(ii) By part (i), Z(S) = O,(Z(S)) < S, n S,. From (6.5)(i), S = S, S,, 
whence S, n S, < Z(S). Therefore Z(S) = S, n S,. 
(iii) Let ui E S,\Z(S) and u2 E S,\Z(S). By (6.5)(iv) and part (ii), u1 = 
where /I, E B, and z, E Z(S). So /3, E B,\Z(S), and hence 
;:2’CB,(I?J[B,, S]. Since B,/C,,(I?,) is a standard x,-module and u, @ S,, 
1 # [pi, a,] = [u,, u2], as required. 
(iv) Since S = S, S,, (iii) implies that 7(S) = Sy U ST, from which we 
see that Me(S) = {S,, S,}. 
(v) Suppose ,U E S with ,D of order 4. Then, as S = S, S, and S-(S) = 
S: U ST, ,U = u,u2, where ui E S,\Z(S), i = 1,2. Suppose u E J’(S) is such 
that [a,,~] = 1. Then (say) u E S, and hence [a, a,] = 1. By part (iii) we 
deduce that u E Z(S). Thus Q,(C&)) = Z(S). 
Suppose C,(R) ,< R <S. If R is an elementary abelian 2-group, then, by 
(iii), R < S, or R < Sz, which then gives R = S, or R = S,. Now suppose R 
is not an elementary abelian group, and let ,U E R be of order 4. Then Z(S) = 
JU-WN < GW)) < fW&u)) < Z(S), whence Z(S) = WWW. 
[NJS): N, n N,] & 2 and NN2(S) = N, n N, = NN,(S). (6.7) 
Since NG(S) acts upon the set aJS), [N&S): N, n N2] < 2 by (6.6)(iv). 
From S = S, S, we obtain N,,,,(S) = N, n N, = N,,,$S). 
NG(S) = ~G(Z(S)). (6.8) 
Set H = N&Z(S)) and S* = S f7 O,(H). By Lemma 2.3, C,(S*) < S* and 
so S* = S,, S* = S, or Q,(Z(S*)) = Z(S) by (6.6)(v). If (say) S* = S,, 
then H < N, = N,,,,(S) K, which gives H = N,,,I(S)(K, n H). Therefore 
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H<N,(S) by the structure of K,. Now suppose that L?,(Z(S*)) = Z(S). 
From Lemma S.l(vii) C,,,,(Ll,(Z(S*))) = S* and hence S = S*. Thus 
NJS) = H. 
Suppose that 1 f S, < S is such that N,(S,) is a strongly 
closed 2-subgroup of NJS,). Then NG(SO) is contained in 
at least one of N,, N, and NG(S). (6.9) 
Set R = N,(S,) n O,(N,(S,)). By Lemma 2.3 and (6.6)(v), as S, < R, 
R = S,, R = S, or R,(Z(R)) = Z(S). Thus, using (6.8), we have (6.9). 
Our next statement follows immediately from (6.9). 
If 1 # S, < S is such that NT(SO) E Syl, NG(SO), then 
NJ,!?& is contained in at least one of N,, N, and N&S). (6. IO) 
Combining (6.10) with Theorem 2.6 yields 
{N, , N,, NG(S)} control the fusion in T. (6.11) 
N&S) = N, n N2. (6.12) 
In view of (6.7), to prove (6.12) we must show that [N,(S): N, n N,] = 2 
is untenable. Suppose [NJS): N, n NJ = 2, and let x E fi(N, n N, n 7) be 
such that I(x)] is minimal subject to x e N, n N2 n T. Since N, n N2 4 
NG(S) and x E N, U N2, we deduce from (6.11) and Lemma 2.11 that G # 
O*(G), a contradiction. Therefore NJS) = N, n N,. 
For i = 1,2 there does not exist Hi < Ni 
with [Ni:Hi]=2andKi<Hi. (6.13) 
Suppose (say) there exists H, <N, such that K, <H, and [N, : H,] = 2. 
Set M = H, n NG(S). Note that S Q M. Since, using (6.12), N, = KING(S), 
we have [NG(S) : M] = 2, and so M a N&S). Set L = MK,. Since N, = 
NG(S) K,, [N, : L] < 2. We claim that [N, : L] = 2. Suppose this is false. 
Then N, = MK, and hence (NK2(S) : M n K,] = 2. This is contrary to the 
fact that S < Mn K, and S E Syl, K,. Therefore [N, : L] = 2. 
Let x E T\(Tn H,) be chosen so that I(x)] is minimal subject to 
x & Tn H, . Clearly x $ H, . If x E L, then, as T = (x)(Tn H,) we obtain 
T< L, contrary to [N, : L] = 2. So x&L. By (6.11), (6.12) and 
Lemma 2.11 O*(G) # G, a contradiction. This proves (6.13). 
[T,S]<S,nS,. (6.14) 
Since K, z L,(2”) and K, g N,, r< & CY1(RJ = KLx CR,@,) by 
(6.13) and the structure of Out L,(2”). So T= CT(KI) x S and therefore 
[ 7’, S] < S,. Similarly we obtain [T, S] < S, , and thus [T, S] < S, n S, . 
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For i = 1, 2, set F, = C,,(Ki). 
(i) F,, F, < Z(S). 
(ii) F,nF,= 1. (6.15) 
(iii) IF,1 = IF,/ < 2”. 
Since S < N, n N,, (i) is clear. Note that F, a Ni (i = 1, 2). Hence F, n 
F, a NJS) by (6.12) and so, by Lemma 2.l(iv), F, r‘l F, g Ni (i = 1,2). 
Then F, n F, is a strongly closed 2-subgroup of G by (6.11). Hence 
F, n F, = 1. 
Now [S, : F,] = [B,: (B, n F,)] = 22” and so [S : F,] = 23”. Likewise 
[S : F2] = 2’“, and so IFI1 = IF,/. F rom (i) and (ii) and Z(S) = S, n S, we 
have ]S] = 2’” IZ(S)l > 2*” IF, 1’. Because [S : F,] = 23n, this gives (iii). 
@(S)=S,ns,. (6.16) 
First we consider the case n = 1. Thus [S : S,] = 2 and K, g L,(2). By 
(6.l)(iv) and (v), S, = B, x F, and hence, by (6,15)(iii), IS] = 8 or 16. If 
ISI = 8, then S must be a dihedral group, and hence Q(S) = Z(S) = S, n S,. 
Now suppose IS] = 16. If possible, let y E NG(S)\Cc(S) be such that 
yp E C,(S) for some odd prime p. Since zG(S) <N,, [y, S] < S, and y 
normalizes K, . Set R = (V; K,). Then M/Cs(S,) is isomorphic to a 
subgroup of GL(3,2). Since E, rK,C,-(S,)/C,(S,), the structure of 
GL(3,2) implies that a/C,@,) E E,. But then K, &L,(2). Therefore 
NG(S)/CG(S) is a 2-group. Appealing to Theorem 2.7 gives S E Syl, G. 
However we must also have S z D, x Z,. As is well-known, G cannot then 
be simple. Therefore ] S ] = 16 does not occur. 
Now consider the case n > 1. Clearly Q(S) < S, n S, . If F, = 1, then 
S, = B, is a standard module for K, and by Lemma 2.12(ii), 2” < ( S’ ]. So 
2” Q ] Q(S)] < IS, n S,I = 2”. So we only need consider the situation Fl # 1. 
Again, we may appeal to the argument given for [Lemma 52(iii); 71 to 
obtain that Z(S) = F, x F, . Let, for i = 1,2, R i denote a complement to S in 
NKI(S). Set X= (R,, R,). From Lemma 2.12(iii), Ri centralizes Fi and acts 
transitively and regularly upon F,- i (i = 1, 2). Thus the only non-trivial X- 
submodules of Z(S) are F, and F,. So, if Q(S) # S, n S, = Z(S), then (say) 
Q(S) = F, . But then B,/C,,(Ki) = B,/F, cannot be a natural module for K, . 
Therefore we have a(S) = S, n S, in this case also, and so (6.16) holds. 
T II N@). (6.17) 
Set M = (TNccs)). F rom (6.14) and (6.16) we have [M, S] < S, n S, = 
a(S). By a result of Burnside’s [Theorem 5.1.4; 151 this gives M = TC,(S). 
Since G does not contain a strongly closed abelian 2-subgroup, Theorem 2.5 
forces C,(S)’ n T = 1. Since C,(S)’ n TE Syl, C,(S)‘, we see that C,(S) 
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has a normal 2-complement and thence, because O,@,(S)) = 1, C,(S) < T. 
Therefore it4 = T so giving (6.16). 
There exists u E 3(S n Z(7)) such that T 4 C,(a). (6.18) 
Let DE J(S n Z(T))\(F, UF,). We show that T d C,(a). If C,(o) Q 
N&S), then by (6.17) we are done. So, by (6.10), we may suppose (say) that 
C,(u) < N,. Since S,/F, is a standard module for K, and u $ F,, C,,(u) < 
NK,(S). Note that Lemma 2.l(iv) and (6.17) imply that K, T 4 N,, and so 
C,,,(u) 5l C,(u). Since C,,(u) = TC,,(o) <N,(S) and T 4 N&9), we 
conclude that T 4 C,(u). 
To complete the proof of (6.18) we must exhibit a u E r(S n Z(T))\ 
(F, U F,). If F, = 1, then F, = 1 by (6.15)(iii), and so we may choose 
u E ?‘(S n Z(T)). On the other hand, F, # 1 implies F, # 1 and therefore, 
as F, 4 T, F, n Z(T) # 1 (i= 1,2). Let ,q E (Fin Z(T))#, i = 1,2. Then 
PI PZ E ~W’W))\(FI “F,). 
Having established (6.18), we see that the proof of Theorem 6.1 is com- 
plete. 
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